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Part 1: An Introduction to Non-harmonic Fourier

Series

Part | EZA,{ 4 /> Chapters:
» Chapter 1: Bases in Banach Spaces
» Chapter 2: Entire functions of exponential type
 Chapter 3: The completeness of sets of complex exponentials

* Chapter 4: Interpolation and Bases in Hilbert Space

The theory of nonharmonic Fourier series is concerned with the completeness and expansion properties
of sets of complex exponentials {¢***} in LP[—m, 7].

Lecture 1: Chapter 1: Bases in Banach Spaces-Schauder basis, Schauder

theorem and Orthonormal basis in Hilbert Spaces

FEAE: NMHTIXTREMIZZEHR: Generalization of fourier series on [, 7], LA Chapter 1
M) Section 1.1, Section 1.2 I Section 1.3 HJ¥#B43 N % -

» Example of generalization 1:

» Example of generalization 2: Extend Fourier series to more general ambient space such as
R?, 7/pZ = Fourier analysis on group, especially locally compact abelian group.

Theorem 1.1.1 (Schauder). CY, j possesses a basis

* Pay attention to the construction of e, (x), here we present an example of e5(z) illustrating
how this construction is done.

Bernstein Polynomial

e (°° has no basis

BB Midterm K% HE(E Part 1 455, Part 2 FFA62 7
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Separable space: A topological space is called separable if it contains a . To be

explicit, X is separable if there exists an infinite sequence a : N — X such that, given any point b in X
and any neighbourhood U of b, we have a; € U for some <.

AR R SCEE T AR T B0 74 B AR BCR 5 A L e IR R 4518, T X Ah & 1A AT
e —AMER RS BB AR . T LA, FERER R S B R R E RV IEREE A
AATHGERIA IS “LLBUNT —FE. S2br b, AT SR W EEHEREIRR. |

Definition 1.3.1. %8 1] %75 (1] (second countable space), B /& 55 — Al Huik: A PR 25 18], B A
FEIEEZaE - ECTE (Nl F]

Proposition 1.3.2. i /l: 5% - TA 30 4122 (62 T2 (9. 7T 70 B s a] i 5 T,

(1944-), a Swedish mathematician working primarily in functional analysis.

'5% THIER] MR =W 5] P.8s

FEER


https://en.wikipedia.org/wiki/Per_Enflo

Lecture 2: cont.Hilbert Space, Reproducing Kernel

Lecture 2-2023 4E 2 B 16 H RS IEH ¢

FEERWZ: Functional Hilbert Space, H? Hardy space, A% space, Paley-Wiener Space

Section 1.4: Reproducing kernel

A? Space 7E Riemann JL{] 7 75 18 i

11
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Lecture 3: Complete sequences, Coefficient functional, Riesz basis
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Lecture 4: cont. Equivalent condition of Riesz basis, Paley-wiener
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Lecture 5: Problem Set Discussion-1, Chapter 2: Entire functions of

Exponential Type
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Lecture 6: cont. Entire function of exponential type
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Lecture 7: Paley-Wiener Theorem and Paley-Wiener space

Lecture 7-2023 4 3 A 14 HE¥—= RKIBHF

FERWZE: N4 7T Paley-Wiener theorem, FHILE R HEf# Paley-Wiener Space

e Theorem 18:

HAER: AN AR —F AR AR, A [ %2 A

40



e wik fowsh s chapler guis ek o
@,.—%G}) entite functions of e;(rc]’fﬁﬂa)[ —éqpe T ,and  ondition. on_ -fﬂ)-/xé-lﬂu
l—{’ﬂ)lé.ﬂ)\. = }-%(mhd)l ce™' CHe) 2A e"w)
- Hwl>o.as PR, then I-foyrnpl——)o as (X2, wuimmuj in Y in cvery bounded set -
- Coiclemans Homulo )@m
Z::L' ﬁﬁ - 55) Sk = =R f,r," g HRe'®)| gnode
+35 [¥ (=% ~m) Log Heofrpldx + GO)
: Qelcfhmtl useud @L;MLJ ! i%% [¥S ql:san.ueud convergent;
- Remark . Tt is known thod 57k =t
Asmilar vesurt cs the it estimede
Thnib: % l-[rmHH)lPahg)T; z e ¢ [R |eru>d>g)7£
E&“ Aee we mosimum  principle o sub-harmoniC . Hunction' The Rest ave aymest the same..
le‘P the Prno[‘
TEL_‘_‘ - i entire of exponentioh gpe FeLPurdy, or come o¢peva , then v e>0,AR>o <t
—ftrv e increc\s:'nti sequUINE Mg, Ik -AK| Z £50 , We haye
i HO\MP ZBR .E:: Heo Py
Pmo*‘ SGine P i sub hamonic , we have

Hezo P< i"s&[ﬂa—aus e Pagdy.

Take §- £, s0 $12-Mm128% are cuisjoint by (Ne-Ael2£50) , then

> \+W) P = 1'4631 : JJ!Tm—lIéS He|® -0-O0000 -
. 2,61,151?
= Ay Jjéjw l-t(#dq)lpobf»da <|wgr . ll{[lltzﬂum [
D’(Ohst'ant

N pary 2 B-nfilze
Va
Tndude dervative | mw.l use *HL.rLi Uke (auduj fh‘féjfa-k ’((JWHLA,'O\.

2.44. The Daleq/l/\h‘ener Thme
*P=2 is spaied , Planchered , I 12 :ll?ll&
- H de> €LTANT 5 then J(m:lﬁ dere?Vdy s entire funchion of exporentias Agpe A, end € L2aR)
%
—Q!_b.t clet -{tz) be an entie function <1,
Hel 2 cer™, and L3 Hoor dx <m

A «
then Adercanl st f@= j-A der et ot 41

Ctein has qiven o Special in his (omz“)uz# cmabdm's cwrthout us«'m’? Yeol cmc(iﬂﬂs)



Q_Q_I' H’Q)l- G'N%“ —20, as (2121
Pf]ﬂ{ sna f)= JfA dretdt , Yero, I e B LAAY, st llg-Yllo < &

A . A .
= SR eweirtdr + fachvy o
BT

QA'H‘ < e E_
= CW" o
= Limaio Hol- e 2 ¢, yeso.

E(a_ylge g Iﬂ' —{reew , entire o—f e;grnmn‘n‘a,( {g')e T, g.L[?ngm Ff.uo\qm ,

Hhen f= fort+ 20 et , 4 e

)
P’agg.l %% 6[3(“1‘) ;Ahen aﬂpu;l ~thm (§ -

Eiqﬁrm c Bernstein ;‘mujuau‘u&) ' lemer) <1 AfUemar)

ankz)
Dol comsider See= 42 T2 eLar)

4¢ .
Aow by Palet‘-wl'aney thn . Ide s &Q)Jﬁ.-;, deay e gy
Sne Berrstein can be. proved fov 4his +ype Cproblem 12, (ast week ) , then Il{[a‘ e = cteed 1Gellemn,

done bld £50 -

Pa\|
%‘L ) entive e:;rnnent!al type TL<m , J-m I—fmldxcm, ~+then
4
P —ftn) = \ﬁm 0%
j\gp@ abowe. P,‘__"__‘ﬂ
proof Fel'=> fler = fis B cBowded Vavestion)
Poisson  summation fomula
- A » J—
Sdor=5.fory , whee Fe)™ Joatme ™ g
But sine. Hol—>0 a8 K12, felad = fera®) . by Peleq- Wiener ﬁe):l‘é da) et dy
N
_'_’) "F:O dmﬂe [AJ—-T/?\;J —Z-_E\[] g (S| "? :D ‘/F(n-) =0, 7'-40

= S.l‘f('\) = —?(o) :jjbl?: "”(X)d?s

AW we Go back o +he pmof of {Mt&‘cpalea—w;kner)
) ) 2 f-i{'F-—'—- m —i%t 2 X
E’ﬂ"—"f Sne f £2an), gd L on [ nfne ™ as w an wec-defined >~ function... I+ suffites €0 prove

supp ¢ < A Al I‘f <0 b<L.| Touvier dnversion



%uo J AQ 2™t ot estends 4o £ = {e@> = }A o) el 2okt

Ao, S‘aAa['t«(A ) )= J—m ‘f“)

Fov L IJ-T 'ftx\*-T e

\comtour
- T*'\ I—r+ \
-1
For I

T = .
\ro -{(TJrfAe)e'CHmrd%

T
¢

R
z R[S l{ﬂqig:[dx
-9, a8 TN

--ns‘l.‘c;l7s

=dimrspq J~7 fo0 €%

o I t@ ety

1 We need o shw that T>0 as 1R

MHT) [ < Q-T‘t J 1 H(.,H_'-[)Idd

Ca_u(hd ,sr.u( 3

40 2eny

20, ag Tom, sne LA

+t)R\
. Hevo. AR st @M

£ ﬁ H et | e3tax

e A“!l{'llm ae)
= Ilbqqey . e AOR

Z ¢. Ifllner) -1

<z
=

" 3
Jl Hxtin)12d%)

N s the same as T , Henw |¢'&) =0 . vtd-Al .

oW Fort>A - Consider Y.

225 ‘n’lﬁ PaleLi —Wenev SPuu_ P

Recn PWrwwy =

Y

=

W -#.m

{sz n Penyetde . b 2Enn] 3(

Etﬂ Paleﬂ Wrener {;hm, - ’L'J’ W@ ) -f ej:igg)}

@

2% 3>Pw = <d4. ¢g> 126001

® Aotice —+the (onjerfena in Pw impuies 'wu"-fwn Cohvergente, .

Heetinp| = 132, % v ete |

A
Zc "™

gt eard

= HUlpw

@ Sine ﬂef"t?(mez/. s an  orthohormal Iac&is —}mr th-va\s:l then,

N b SrTuh)
ErL\;\l:\s e ettt = Tz s an ovthonormad basis 4ov PWEAK] , %wefove
= A G2
”["2) = Dn--ta C- 7o)
onrzw
To (o)nrla,tt Cn +» On= 4‘{ T~(2) >

1
?Jm

Aothey way to see 4his is

Py =

43

T



Snn

—&'(2) = L, o Cn i mz n) ﬂh‘-tmm_ convergence

D Fn) = im0 Eﬁw = Cn

R 2-h)
Overoud . J((%) Em‘bq ‘(’ (1)) —Sllrh;m)

(‘O gml‘(._n))

gl )

- im’
y‘m 4:(+)
{w)

«"iilf'\b‘fu WGMS o SeQ +|f\i<.n’ 5

A
SHIE, - 3;3\7((9#”
LN,
Msog  Mo-p _I(F(e.hn\
J

Uni fa”" w"“@—fﬁuc{

@) {eP > ' epw
‘%l"zm qﬁ(f) it-e?tds

I N pw - deollzean] 2w ple = n I tlpw

e
A ALY X £ 2 \
N ))‘ (._L\ il ‘[W

4 )

§ yr (7 @lle._fuahgh)'.r are l)o’ur\g,@zd %m,.:;_ﬂym/}a\:
anoh _%L«M,%»Q P\M s itex

WA th \"@P woluc ﬂ'm@) ' ce Y;@/{ l( (2, w‘) -

MW. obout MW oy Cha,r{@/z,44



Lecture 8: The Completeness of sets of complex exponentials
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Lecture 12: cont. Exact frame and Riesz basis, Stability of Non-harmonic

Series

Lecture 12-20234E 4 H 6 HEMI /[ 4

FEAR: EhRE T LR e AL, BEE N9 T Stability of frame, 5/ 4H T
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Part 2: A Course in Abstract Harmonic Analysis

Part 2 24,54 Chapters:

Abstract Harmonic Analysis

~ T ™

Lec 13
Lec 14
Lec 15

Chapter 2: Locally Compact Abelian Group

Chapter 1: Banach Algebra and Spectral Theory
Lec 16
> =
Lec 17
Chapter 4: Analysis on )

Locally Compact Abelian Group

Lec 18
Characters Lec 19
Lec 20

Lec 21
Pontrjagin Lec 22
Duality Lec 33
Lec 24

Fourier Inversion
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Lecture 13: Chapter 2: Locally Compact Group, Haar measure, Midterm

Lecture 13-2023 4£ 4 H 11 H

FBERER: SR Part 2 FHRIFRSHT), BN T Locally Compact Topological Group,
BEJE A T H B —ANEE (Haar WIFE), 434 Left Haar measure F1 Right Haar measure 43 1) i .
AR AR -

+ If f is a function on the topological group G, and y € G, we define the left and right translates
of f through y by
Lyf = fly~"z), Ry f(z) = f(xy).

1

The reason for using y~* in L, and y in R, is to make the maps y — L.,y — R, group

homomorphisms: L, = L,L.,R,. = R R..

HAEE: A H Midterm 8 7 =ANEH (EEH LT, PAKL—IEXT entire function of type
0 454 Liouville SE BRI R A, M 8 5 50 Fika a5 9:50 /3453 .
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Lecture 14: p-adic field Q,

Lecture 14-2023 £F 4 A 13 HSRTIREH
FEAS: HEIANT Q HI—H1 metric | - |,, FE/EN4 T modular function

« Modular function: $#i& /2 2% K] Haar U &A1 45 A28 K] Haar I 3| K2 2 /0

/f(x,y) dX(x) ZA(y_l)/f(x) dx.

e R A HIHEE A eI R &
A
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Lecture 16: Banach Algebra and Basic Representation Theory
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Lecture 17: cont. Basic Representation Theory

Lecture 17-2023 £E 4 H 27 HIF?

FEARF: HEAE TNERBRIHRAE

* Irreducible representation

* Main Theorem: If GG is abelian, then every irreducible unitary representation is 1-dimensional
(H; =2 Q).

* A function of positive type on a locally compact group G is a function ¢ € L°°(G) that
defines a positive linear functional on the Banach *-algebra L!(G), i.e. that satisfies

/(f* *f)¢ >0, forall f € L'(G).
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Lecture 18: Analysis on locally compact abelian groups
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Lecture 21: Bochner’s theorem, Fourier Inversion
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Lecture 22: Pontrjagin Duality
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Lecture 23: Proof of Pontrjagin Duality, Poisson Summation Formula
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Lecture 24: cont. Poisson Summation Formula
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x-algebra, 92

A
A? Space, 13
Arzela-Ascoli, 137

B

Banach-Steinhaus, 61

bases, 13

Bernstein inequality, 36, 42
Bernstein polynomial B, (z), 6
Bessel inequality, 12

Bessel sequence, 61
biorthogonal, 57, 69

Bochner, 116, 119

Bohr compactification, 135

C

Careleson, 12

Character, 108, 128
Closed graph theorem, 63
complete sequence, 8, 63
convolution, 86, 118, 120

D
Dirichlet kernel, 72
Dual group, 103

Dual measure, 123

E

equiv-convergent, 71

F

Final, 133

Fourier inversion theorem, 120,
123,124, 130

Fourier transform, 114

frame, 64, 70

Functional Hilbert space, 44

functions of positive types,
100, 119

G
Gram matrix, 23, 57

H

H? Hardy Space, 13

Haar measure, 78

Hadamard 3-lines lemms, 33
Hamel basis, 6

Hausdorft, 77

I
Interpolating sequence, 63, 70
invariant, 78

involution, 92

J
Jensen’s formula, 32

K
Kadec, 50

L
locally compact abelian group,
5

M

modular function, 82
Moment, 57

Montel theorem, 35, 36

P
p-adic, 81, 113
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Paley-Wiener Space PW, 15, 57

Paley-Wiener theorem, 41

Phragment-Lindelof, 33

Plancherel, 15, 124

Poisson summation formula,
130, 134

Pontryagin duality, 5, 109, 128

R

Reproducing kernel, 44, 58
Riesz basis, 71
Riesz-Fischer sequence, 61
Rudin, 5

S

Schauder, 7

Schauder basis, 6
Schur lemma, 99
separable, 6, 8
spectrum theorem, 118
Stone-Weierstrass, 136

sub-harmonic, 35, 41

T
Terry tao, 24, 132

translation, 76

U
unimodular, 83

uniqueness, 125

W

Weierstrass approximation
theorem, 6

Weierstrass factorization

theorem, 32



Bibliography

[Complex-7b E2FF] 7t Fik-H A, WKy, D M Eobhik

[Folland-Real] Folland G.B. Real Analysis-Modern Techniques and Their Applications, 1984.

139



Appendix

140



MAT7067 — Topics in Analysis (2023 Spring)

Lecturer Bochen LIU

Email liubc@sustech.edu.cn
Location Room 309, The 3™ Teaching Building
Time 19:00-21:00, Tuesday in single-week and every Thursday

Live Broadcast and video record will be available
Prerequisite Complex Analysis, Real Analysis, elementary Functional Analysis

1 Course Information
This course consists of two parts.

The first half is the theory of nonharmonic Fourier series. It is concerned with the
completeness and expansion properties of sets of complex exponentials {e™'} in L*[-r,
nt]. This theory not only has its own interest, but also has many applications in applied
math, say in compressed sensing and control theory (we will not get there though).

The second half is Fourier analysis in groups. It gives an exposition of the fundamental
ideas and theorems of that Fourier analysis can be developed with minimal assumptions
on the nature of the group with which one is working. In particular, it unifies Fourier
series and Fourier transform in the representation-theoretic form.

2 Textbook

An Introduction to Nonharmonic Fourier Series (revised 1% edition). Robert M. Young
A course in Abstract Harmonic Analysis (2" edition). Gerald B. Folland

3 Content

An Introduction to Nonharmonic Fourier Series (revised 1% edition)

Chapter 1 Bases in Banach Spaces

Chapter 2 Entire Functions of Exponential Type

Chapter 3 The Completeness of Sets of Complex Exponentials
Chapter 4 Interpolation and Bases in Hilbert Space

A course in Abstract Harmonic Analysis (2" edition)

Chapter 1 Banach Algebras and Spectral Theory
Chapter 2 Locally Compact Groups

Chapter 3 Basic Representation Theory

Chapter 4 Analysis on Locally Compact Abelian Groups
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