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Last time11 f⽶ fll 4
πfuid ☆→ df 1 lcn ,tftx

this rosutisd 150 correctinmoreabstrceetBanachalgebra,corf reqcirebeing
Abelian)

HereWeomy considercocallef compart abelian group .

proving the above result requires speatruse radius theorem than

uxn 1
|
式 → pc) ( a)
—

x spectrum radius
Ne shall prove that fEL s MiG)

then
wehareidentity

"

⼥ Finite eomplex Radon measure
What we reed to sMor
σ 了HOW

Now We want to showthoato 1 has an inverse in UCG) ② 7 has no zero .

If so, then Pu) = UM ☆

零双报irat-deta
⼊古⼀在可不可逆

Recallthaat ehesaninveise V ; M⽶ 8 = 8 ,thenJ O = I inow support

µ has a zevw , then JU O tI
, then Je is rot inveri'ble !thereforewehaveshown the ⇒ side

,

r否命题
Now it satfiestoshow" Ʃ" , thatisifN isnotinvertible, thenM has a 2

π↓

这部分在书上是之前- geneval theoy 的⼀部分 ! 雪 acharcuters SEG st.

⾃⼰成个ideal ,但须
ideal不包毁identit

城不 invertibie

)EBroperndeay
J x ③dla )0

γ
”
x以

If Mismotinvertible. thenM i 's contained in a moximal ideal J,

oby 2orm' s lemna)

arrd the maximal idealJ isMon-trivial. Noeice thoet JC{ all non -invertible elements }
→

Al80 an ideal
.

⇒ M E alused maximal idel T
Tconsider mod

and adosedsuhsetAsinvertibu
=sopebsubsetbpoper

asitdoesnotcohtel'

gideney.

now We consider Uc)Ijadosedditnquotient norm
↓

ilfl = minllftgXeiuaBanach algebra ,
. sino

GJ

J is maximall , We laim rat UCG) IT "s one - dimensionll ( Field 了

↓ by Forrmerlecture

thrrefore it i' sisomorphic to 4 , i . e, UCG) I5② C

Now we have anaturd map π : UCGDIT →
CI

Where Kercn) = J

can beifted

µ
品, J

"

☆ 4

”
: π

Vmultiplicative Bounded
cinear functionl,

王

therefore 2 a character' 为 o G ,
sit, π af) = f cx . <) fix) dx , ⻜f ←L' c σ )

Note that LCG) isdeuseinU(G ) , We ouwd have π : { 2 x , 3) e i ) cExtendedtoSUlrx

tor X8 EUCGD

As Ker Cπ) ≈TIN ⇒ O: π H) f <xi {) deix) =ic3)

↓

M has azezo ,
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Oveval,the2 eroofM comespondstothosemaxinal ideals

e-f . Griven 当 GG ,
then IUGMiG) , M ( E )= o}② mabimalideal 以

The above result i' sfortheprooloftheBochnerlstheovem .

thm 4 . 19 cBochner)

∞
Fatousof posievetype

fCff" ψ ≥ 0 = 」 fu, |↑ducs)if ψ= φw owe hove shown

If ψ EP CG) ,
≡ I UE UCG ) ,

sot , d = UM ae .

the reverse of Bochner 's thm)
↴

J<x . {) dju(x)》 某个正测度的Founertuansform.

proof : Notcethatifwehave ψ ui 's an approximatingidentityo is
ψu *⽶ψ u i' salsoanapproximating

↓

icdentity ,

为了与 Posieivetype 联系

Consoder form cf . ) 0 = fdcg
*

糊第
By Cauchy

-schwar≈ 1 cf , g) dl
2

≤ fi ,f" icgig) d1

∞
11 d (gf,( P ≤ ( φcfjd> c{ d < g*9》

let g = ψ u ,
and we may assume S ψ cg** 9) → C ein foet do”

approxibHating

⇒ take limit on both sides of the inequality

1 /ψ fP ≤ ccl ψ cf*)》 θ fEL
⑪

1 H ψf 1 ≤ cEc / ① c)热
consider tlui) f

≤ C
出在

c / ψ cf** β ⽶ f⽶村 ,了⻰

Demote ⼏= f
*
⽶ f .

theu

1∞
t 。

≤ 0 , limn ( Jphim |
nM

≤ c . ihn l honmll ☆ = cNhlli by previous resuut
,

= c. llf 11 k∞

业

Recal fis T G C0 CG) isijeative c4. 18 )

PL (G 3
and 当f ; fELl } is olanse in CoCG )

⇒ d defines a boundedlinearfunctioudsontocG—cpexrend
eorrplextinmie Roadonmeasure

⑪

王 ME UCG) st , Jof = JTcs) du

=f fx5fixs dx dµ cs )

= ff (x) µ x) dx

⇒ ψ= M 1
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NoW We wile spend a lot of time proving the Fourier inversion ,

We tirst prove someBartilresltsinFouzierInversiom ⇒ PontrjaginBuality⇒ FoeelForrm of Foerier Inversion ,

上
The most famiiar form of Fourierinoersion Cfal , P cL ⇒ Px )= fxy , a .ey

E空间
matrs l即

rWe shoell prore amo ther version tirst ?

=
- S <x " s) d)Us

)

Bocumer
Denote B CG) = { UM , MG UCG) Y = linear spanof. PCGD

B 'CGl3 = BCGB Λ LICGD

As HEMCG) → NEBcG's aBjecetion , Benote its inverse by ψ→ Jl )

i . e , ψ43 = | x , 3) dµ61⑪②
such µ o

Thm 4 .22 EFourier Invarsion theorem 23

If f ε Bl , then YEL 'eG ) ,and fx) - ( <x , {3 P 03) d ' s theHaarmeasure is-scitablynormalized
就是PHQ

adlf ( ) = Pi {3db, casenseoffourier irversion )
,

Lemma 4 ,20, If KCG is compat, then雪 fo Colb)opp
tuntwnofpospesetypes

G .t , ↑≥, 0 on G , and Y 30 on G

7
then by tisute covering ck , cormpact )

proof : We only need to conspdar open neighborthood

pick h ε Co (G) , with ☆ c) =fh = I ,
and set g =继机DTU

和 ransto"madsogis
a funcdionofpospuve type

then g is a1so CoCG ) ,⑨ cs ) = 1Mc ) R≥on

identibep
and glo 20 , tor some open neignborhood V of 四

∞
Finire covering

then ≡ { 1 , … , { n
,St . KCU ☆GitU ,andtake f =Ʃj☆⾏

7g登和 g → gacj ) ,于分⼉ )

Lemma 4 ,21 " If f , 9 EB '
,then fdug = 9duf

proo : Recau that ① cx) = JKx . 3) dµf

UKEL' CG 1 ) ,then fhdJufbydef / f<xt , b 3hx 3dxdufcs )

= { fx+3 hox) x

= f⽶hcI) , Now We use pzoperties of conuolution .

therefore 59 ,ndyuf
= J g机 Λduf = g机村 a )

=⼨ h ⽶ gaD ≈ ffhdµg

AS LN : hE LNCG)} i' sdeuseinCoOG
)

,wehove ⑨ def = fdjug n 1



5

10

15

20

25

With Lemma 4,20 and Lemms 4,21 , We can now prove thm 4.22

proof of thm 421
"

Weneedtousetheuiquenessof Haar measure d 号
,

V 4 ECoCG) , by lemma 4 .20, ≡ gEL 1
, st , g ,0 on suppψ , then deline

ifunctromay
ICψ) = f 点 dug

→o ,

nowwewanttoshowI osrrelevantof g using lemma 42y

Now we show IEψ) is independent of g conlylepends on ψ )

θf , t 30 on suppψ

I ψ)= 」 步 d µg=
1 g☆ dug= 个荊 gdug= {dylemma

4y

↓
bounded linear functionalonCCCG

3

Next, weshowleftinvarianeof I, i ' . e , I C ()
=Iψ)Gn , OYEG

By def, now f <x , b) 《 y )* dMg = f x, y + 3 ) dNgs)def
∞的以拿出哥

=<x
, γ 1 ) gcx) = { <x, )d 分uefµntqc

how by rusroqeaness( 4 , 18 ) ,WehovethatLC7 ⽶deg =dJMp7 g

Therefore ICLn ,ψ ) = Sπ cs

, ψc博
dlgc点了

= f4a彦cq 13 ) ,Asnlg (qls )lef J< x,衫 W1x ) gxdx

= ⑨ε 多 )

then = f, CLy } * dµ g 乡= ⼿品 dtytgs )

= ICψ) ,

THerefore Ioψ) induces a left - in variant measureonG , thusmustbea Haarsrea sure,By rezigueness

Icψ) = S ψ esods ⇒ Icψ↑ ) = Jψ p , O ψ EGCG )

↑
1 可代 dyef = J ψ dyug

⇒ dlf =↑ cs) ds

⇒ f (x) = { < x , s >dHfc 3 } =| cx ,) ↑ cs 3 d 么 , 以


